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To respect the nature of discrete parts in a system, stochastic simulation algorithms (SSAs) must
update for each action (i) all part counts and (ii) each action’s probability of occurring next and its
timing. This makes it expensive to simulate biological networks with well-connected “hubs” such as
ATP that affect many actions. Temperature and volume also affect many actions and may be changed
significantly in small steps by the network itself during fever and cell growth, respectively. Such
trends matter for evolutionary questions, as cell volume determines doubling times and fever may
affect survival, both key traits for biological evolution. Yet simulations often ignore such trends and
assume constant environments to avoid many costly probability updates. Such computational con-
venience precludes analyses of important aspects of evolution. Here we present “Lazy Updating,”
an add-on for SSAs designed to reduce the cost of simulating hubs. When a hub changes, Lazy
Updating postpones all probability updates for reactions depending on this hub, until a threshold is
crossed. Speedup is substantial if most computing time is spent on such updates. We implemented
Lazy Updating for the Sorting Direct Method and it is easily integrated into other SSAs such as
Gillespie’s Direct Method or the Next Reaction Method. Testing on several toy models and a cel-
lular metabolism model showed >10× faster simulations for its use-cases—with a small loss of
accuracy. Thus we see Lazy Updating as a valuable tool for some special but important simulation
problems that are difficult to address efficiently otherwise. © 2014 Author(s). All article content, ex-
cept where otherwise noted, is licensed under a Creative Commons Attribution 3.0 Unported License.
[http://dx.doi.org/10.1063/1.4901114]

I. INTRODUCTION

The behavior of complex dynamic biological interaction
networks is often difficult to understand. Time series can help
by showing how the amounts of important entities in a net-
work change over time. They are used in many areas of bi-
ology, including biochemistry,1–5 ecology, evolution,6, 7 and
systems biology.1, 2 Since simulation techniques for predict-
ing time series are of general interest, we will discuss mod-
els in terms of “parts” and “actions” instead of “molecules”
and “reactions.” Depending on the context, “parts” can stand
for molecules in a cell, individuals in a population, or organ-
isms or nutrients in an ecosystem. Likewise, “actions” can
be as diverse as biochemical reactions in a cell or predator-
prey interactions in the wild, as long as they map to the
underlying mathematical representation. Time series are of-
ten computed with a deterministic ordinary differential equa-
tion (ODE) solver or a stochastic simulation algorithm (SSA).
Which option is better depends on model details.

If all parts in a system are always present in very large
numbers, ODEs produce time series of good accuracy at high
speed, using well established algorithms8, 9 that have been
applied to diverse areas of biology.1, 2, 6 Deterministic ODE
models work well at such large part amounts, as stochastic
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effects become relatively less important. However, many pro-
cesses in biology are discrete and involve very few key parts,
such as switching on single-copy genes or single viral parti-
cles that cause dramatic growth but only if they infect a cell.
Stochastic effects are important in these systems3–5 and sim-
ulation models should respect the discreteness of molecules,
individuals and unique events.

Continuous-time Markov chains10–15 (CTMCs) have a
track record of excellence in this area and provide a rigorous
basis for transforming certain types of well-mixed stochas-
tic models with infinitely large part numbers into equivalent
ODE models.3, 14, 15 CTMCs have no “memory,” as they as-
sume that the future state of a model only depends on its
current state and not on its history. CTMCs also assume that
the waiting times between actions (which lead to state tran-
sitions) are exponentially distributed, unless external noise
affects the probabilities that determine how often these ac-
tions occur. In that case, waiting times are no longer nec-
essarily exponentially distributed, as they are modulated by
current external changes and the Markov process becomes
time inhomogeneous.16, 17 In biochemical systems such exter-
nal noise can be caused by fluctuations in volume or tempera-
ture, assuming both are not affected by reactions in the system
(see below). Such external noise can often be approximated
well by a CTMC jump process if the time between actions is
small compared to the jumps (see Refs. 17–19 and pp. 327–
332 in Ref. 17).
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SSAs compute individual stochastic realizations of time
series that are guaranteed to exactly reflect the probabili-
ties in CTMCs.3, 10–12, 17, 20–22 For each action that occurs,
typical SSAs compute at least one randomly distributed wait-
ing time, which follows an exponential distribution if the
CTMC is time homogeneous. Thus expected waiting times
are determined by a single parameter, the “propensity,” which
is proportional to the probability that an action will occur
within the next infinitesimally small time step.10 The correct-
ness of SSAs depends on the precision of propensity calcula-
tions. Exact SSAs recompute one or more propensities almost
every time an action occurs3, 10–12, 17, 20–22 and thus need much
more computing time than ODEs for systems with many
parts. Computing time problems for SSAs are exacerbated by
the stochasticity of simulation results, as many runs are re-
quired for inferring summary statistics. As a result, much ef-
fort has been invested in the speed-up of exact or approximate
SSAs,18, 23–36 producing different algorithms that require dif-
ferent tradeoffs.18, 24–40 Tau-Leaping has emerged as an im-
portant approximate SSA.21, 24, 37, 41–43 Below we present an
algorithm that trades a very small amount of accuracy for a
substantial reduction in computing time by skipping some up-
dates in a special category of parts, which we call “hubs.” The
usefulness of such an approximation depends on the biolog-
ical importance of hubs. Next we explain what hubs are and
why they are important for a substantial number of important
biological modeling questions.

Hubs. If a part’s amount affects the propensities of many
actions, then we recommend referring to that part as “highly
connected,” “hub part” or simply as “hub.” Such hubs are
common in biology and include well-known molecules like
water or ATP (a key cellular energy hub), both of which af-
fect numerous reactions.44 Biochemists know many more hub
molecules, including co-enzymes, H+ ions that impact many
cellular processes by determining pH,2 and hub proteins.45

The easiest strategy for integrating hubs into models is to as-
sume that their amount does not change and contributes to
a constant environment that incorporates them implicitly into
the rate coefficients of the model. We can increase model flex-
ibility by adding hubs explicitly to models as externally con-
trolled quantities that affect reactions; this is computationally
efficient but only realistic if external control mechanisms are
appropriate. However, if many reactions in a model can affect
hubs in complicated ways, then hubs need to be fully inte-
grated into the model, lest we risk missing critical roles of
hubs that can affect important high-level outcomes like cell
growth. For example, if the amount of dNTPs was assumed to
be constant in a recent whole-cell simulation of Mycoplasma
genitalium, then it would have been impossible to find that
dNTP synthesis was limiting DNA synthesis and thus cell
growth.46

Volume. Hubs do not necessarily have to be
molecules. For example, reaction volume affects many
propensities.3, 16, 21 If the volume is affected in small steps by
many actions in the system, then its impact on propensities
is similar to that of hubs: frequent small changes in volume
trigger frequent small updates to many propensities. Biologi-
cal examples for such endogenously driven changes include
active cellular nutrient import,44 osmosis,44 and export of

molecules.44 They all change cell volume frequently, but
only by minuscule amounts. Over time these small effects
combine to produce visible phenomena such as the growth
of cells until doubling47, 48 or the shrinking of cell size in
excessively salty solutions due to osmosis.49–51 Proposed
mechanisms for the interaction between cell volume and the
molecular control of the cell cycle that triggers the production
of daughter cells include sensing a change in cell size by
sensing changes in some molecular concentrations.52 These
aspects of cell biology are sometimes integrated into sim-
ulation models;18, 19, 23 considering them more often would
be facilitated by more efficient ways of simulating hubs and
could help us understand a diverse array of evolutionary
questions including how cancer cells grow.

Temperature is also well known to affect reaction rates
and the strategies that might motivate treating volume as a
hub are easily adapted to temperature. But does temperature
matter as a hub or is it mostly controlled externally? Temper-
atures for the biochemistry in cells are determined by com-
plex interactions between (i) external environmental temper-
atures, (ii) the physics and geometry of heat transfer, (iii) the
temperature regulating circuits and mechanisms an organism
might have and (iv) the heat generated by the metabolism of
the cell.53 While assuming a constant or externally controlled
temperature is often reasonable, a number of recent results
have shown NAD+ dependent deacetylase Sirtuin-1 to be a
conserved key player in controlling overall metabolic activ-
ity in organisms from yeast to humans.54, 55 Thus, a protein
in the cell regulates how many biochemical reactions per sec-
ond contribute to heating the cell, which in turn affects re-
action rates. Modeling such temperature control might have
to track many minuscule amounts of heat. How big are er-
rors in biochemical rates, if we ignore temperature? A simple
calculation might provide a useful intuition using observed
Q10 temperature coefficients (predict fractional rate change if
temperature is increased by 10 ◦C; see Arrhenius equation).
Assuming Q10 ≈ 2-3 as typical56, 57 we can assess the in-
crease in human metabolic rates expected from assumed tem-
perature differences caused by normal circadian fluctuations
(36 + 2 ◦C, see Ref. 58) or from strong fever (36 + 5 ◦C)
to be 15%–25% or 41%–73%, respectively. Notwithstand-
ing higher-level regulatory circuits, these commonly observed
increases in body temperature are ultimately generated by
cells that burn more energy. The metabolism of such cells
is profoundly affected by both, regulatory molecules such as
Sirtuin-1 and increases in temperature from its own metabolic
activity. Other systems where metabolism and heat are intrin-
sically linked include compost heaps59 and industrial plants
used for bioenergy production,60, 61 where microbes break
down organic matter and generate substantial heat that speeds
up reactions that generate more heat (until heat degrades en-
zyme activity or diffuses away). Investigating temperature de-
pendencies in such systems using standard SSAs is computa-
tionally costly due to the hub-like properties of temperature.

Biological evolution critically depends on fitness cor-
relates such as the growth and survival of organisms. Pop-
ulation genetic analyses have shown that selection in large
populations over many generations is very successful at se-
lecting very small differences in fitness—often too small for
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direct measurements in the lab.6, 62 A key goal of evolution-
ary systems biology analyses is to enable the computational
prediction of candidate fitness correlates based on the best
systems biology models available by integrating all relevant
data using the most rigorous analyses available.63, 64 For this
goal, it is crucial to integrate hubs such as ATP, volume, and
temperature into systems biology models, because the rate
of cell growth and the energy spent on keeping a cell alive
are important factors that can affect the growth and survival
of organisms.64 Mutations that affect hubs and thereby cell
growth or survival by as little as 0.1% can already be major
drivers of evolution, as many important outcomes in evolu-
tion depend on a fine balance between many small actions
that slowly increase or decrease a quantity on the longer-term
(e.g., no growth of cells without slowly changing cell vol-
ume; no survival in some climates without adjusting body-
heat by increasing metabolic rates). Thus the routine inclu-
sion of known hubs into dynamic systems biology models will
help prepare such models for computing fitness correlates at
higher precision.

For the reasons above it is desirable to have a method in
the growing toolbox of stochastic simulation algorithms that
is particularly well suited for addressing hubs. Without such
a method, promising lines of enquiry may be computationally
prohibitive.

Here we present “Lazy Updating,” which is an add-on
for many existing SSAs. It reduces computing costs caused
by the frequent propensity updates that can be triggered by
hubs. Lazy Updating skips all propensity updates triggered
by hubs until the amount of the hub changes beyond a speci-
fied threshold. We tested this on the following models: (A) an
artificial ATP pathway, with ATP as hub to highlight strengths
of Lazy Updating. (B) Birth and (C) Consumption models
contain only one action to test the accuracy of Lazy Updat-
ing at known weak points. (D) Detailed prototypic models of
metabolism are used to test how Lazy Updating performs “in
the wild.” We expected and found (A) and (D) to work well
with Lazy Updating; accuracy was easy to control and even
models it was not designed for showed small speedups. Over-
all, we find hardly any costs to Lazy Updating, but huge wins
if frequently updated hubs are involved, making Lazy Updat-
ing a useful addition to the growing toolbox of stochastic sim-
ulation methods.

II. METHODS

A. Dependency structure in the computation
of propensities

System overview: We consider a CTMC describing a
system of parts whose amounts are affected by actions. The
amounts of the corresponding “required parts” are used to
calculate each action’s propensity, which is proportional to
the probability that this action will occur within the next in-
finitesimally small time step. When an action occurs, it af-
fects the state of the system by changing the amounts of some
parts, which we call “changed parts,” an action-specific set
consisting of “consumed parts” and “produced parts.” Exam-
ples include substrates and products of biochemical reactions,
as well as other quantities such as volume or temperature that
effectively behave like parts when they are changed by ac-

tions. If the “changed parts” of an “executed action” A1 are
“required parts” for another action A2, then A2 is an “affected
action” of A1, because the propensity of A2 is affected by ex-
ecuting A1. As described below, Lazy Updating is reasonable
if changes are small enough compared to existing amounts of
the corresponding parts.

Notation: We consider a CTMC model M containing (P,
p, A, a, pr, pc, r, t), where t is the simulated time measured
in units shared among all time-related values of the system,
which is defined as follows. Let n represent the number of
parts, and let Pi denote the ith part. The amount of Pi is de-
noted as pi. The set of all parts in the system is P, the set of
all corresponding amounts is p. Likewise, the kth of m actions
is Ak and it occurs with propensity ak, where A and a denote
the corresponding sets of all actions and their propensities in
the system, respectively. The propensity ak is a function that
is evaluated at a given time t to calculate a value proportional
to the probability that Ak will occur in the next infinitesimally
small moment in time. It depends only on the “required parts”
of this action and on its rate coefficient rk (or other values in
ak if Ak does not follow mass action dynamics or depends on
external noise). Let pr(i,k) represent the required discrete in-
dividual units of parts of type Pi for a single occurrence of
action Ak, and let pc(i,k) be the change in the amount of part
Pi that is caused by that single occurrence. Both are zero for
parts that are not involved in this action. However, while pc(i,k)
can be negative (consumed) or positive (produced), pr(i,k) can-
not be negative. Both may be combined into a stoichiometry
matrix (see p. 28 in Ref. 16).

Propensities: Generally, the propensities, a, of all ac-
tions A, are functions of the state of the system including po-
tential external noise during the time interval from after the
last and before the next action. For this duration the state of
the system is characterized by the constant amounts, p, of all
parts, P, in the system if we assume no external noise. These
definitions have been at the heart of CTMC and SSA theory
for a long time.10–12, 15, 16, 20, 21

After an action occurs, the amounts of some parts change,
forcing a recalculation of the propensities in the system.
These recalculations are often very expensive and take up a
large fraction of a simulation’s computing time. Lazy Updat-
ing aims to reduce this cost. To do so, it is helpful to under-
stand more about the internal dependencies between propen-
sities and amounts of parts:18

1. Not all propensities in a depend on the amounts of all
parts in p; rather each propensity only depends on the
amounts of required parts; for these parts we have pr(i,k)
> 0. For most actions the size of the list of required parts
is very small compared to n.

2. Not all propensities in a need updating after the next ac-
tion Ak occurred. Rather, we need to update only the
propensities of ‘affected actions’ that depend on parts
that were changed by Ak; for these parts we have pc(i,k)
�= 0.

3. For most actions the list of affected parts is very short.
4. Most parts are only required by few actions, so updat-

ing the corresponding propensities does not seem very
costly.
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5. However, some parts are required by many actions. Up-
dating all affected propensities after a single change in
the amount of these parts can trigger many computa-
tions. If these parts are also affected by frequently oc-
curring actions, then a large fraction of computing time
could be consumed by tracking the propensities of these
parts. These are what we refer to as “hub parts” or
“hubs.”

Now we will take a closer look at the standard function
for computing the propensity in mass action models as used
here (see also p. 182 in Ref. 16):

ak = rk

∏
i

pi!

(pi − pr(i,k))!pr(i,k)!
, (1)

where rk is scaled appropriately using a “volume correction”
given in Refs. 12 and 16. The term inside the product is
the number of combinations of pr(i,k) distinct parts that can
be chosen out of the total amount pi (following p. 181 in
Ref. 16). For parts in P that are not required parts and hence
do not contribute to ak (i.e., pr(i,k) = 0), the corresponding
term in the product evaluates to 1; thus we can skip over them
when implementing the algorithm, and whether we compute
Eq. (1) using all parts or using only the required parts is not
a matter of correctness, but one of speed. If an action Ak re-
quires only one single unit out of pi such units of a part, then
pr(i,k) = 1 and the term evaluates exactly to pi.

Temperature and volume as parts of the system: Be-
low we discuss the detailed Model D, where we use the same
“volume correction” as above12, 16 to make rk a function that
tracks changes in volume over time. This effectively turns
the volume into a “non-standard part” in M, because we can-
not use Eq. (1) to compute a single factor by which the vol-
ume scales propensities of actions of different order. Instead,
we must use special functions (here volume correction12, 16).
Also, the volume amount is usually not measured in units of 1
as counts of molecules would be. Temperature is another im-
portant factor affecting the speed of all chemical reactions;2

therefore we explore a relative temperature correction for
rk, where the relative temperature, Tr, has an initial relative
amount of 1. Tr in M is also likely to assume non-integer val-
ues, like the volume. To scale propensities with Tr we sim-
ply multiply the result of Eq. (1) for all standard parts by Tr
(which is equivalent to including Tr as a standard part into
Eq. (1) assuming pr(i,k) = 1). We note that a transformation
between Tr and measurable temperatures may be required for
building more realistic models.

Changes of volume and Tr are defined as for all other
parts by choosing a corresponding pc(i,k) depending on Ak
and Pi, where Pi stands for volume or Tr. In our study all
changes of volume and Tr are in discrete steps caused by dis-
crete actions; hence the overall dynamics of changes in M
is still exclusively defined by propensities that only depend
on the amounts of parts. Thus nothing except time changes
while M waits for the next action (in absence of external
noise). These dependencies turn neither volume nor Tr into
hubs. However, if every molecular import/export reaction of
a cell changes cell volume and every chemical reaction re-
leases or consumes very small amounts of energy,2 then vol-

ume and Tr are changed by many reactions (each of which
triggers propensity updates for many affected reactions). In
these cases, both volume and temperature are likely to be hubs
as defined here.

B. The Lazy Update algorithm

The structure of propensities as captured in Eq. (1) pro-
vides an opportunity for separation of concerns, namely be-
tween:

1. Amounts of parts that usually change by a substan-
tial relative amount, resulting in a substantial change in
propensity for all affected actions that depend on these
parts and thus require an immediate update of all these
propensities.

2. Amounts of parts that usually change by a very small rel-
ative amount, resulting in a minuscule change in propen-
sity for all actions that depend on these parts; these open
the possibility for accumulating many small changes
before triggering costly propensity updates. Skipping
minuscule propensity updates and only performing an
update when it really matters is the essence of Lazy
Updating.

A naïve SSA implementation recalculates all propensi-
ties whenever the state of the system changes. More advanced
implementations only recalculate the propensities that are ac-
tually affected by the parts that just changed with the execu-
tion of the last action,18, 26 which speeds up simulations sub-
stantially, but does not help calculate propensities of highly
connected parts whose amounts change frequently, where
each change triggers numerous propensity updates. Lazy Up-
dating reduces the burden from these propensity updates.

If an SSA updates all necessary propensities every time
any reactant amount changes, then we say that the SSA uses
“Immediate Updating.” In contrast, we denote as “Lazy Up-
dating” any algorithm that postpones some propensity up-
dates until the amount of a part has changed enough to cross
a defined threshold. In principle, such a threshold can be de-
fined in many different ways; here we choose to fix it at some
percentage of the old amount of a part that was stored when
the last complete propensity update was triggered. This facil-
itates a useful intuition explained below and requires simula-
tions to specify the relative Lazy Updating error tolerance
εLi for part i (or εL for all parts that are updated lazily in M).
It defines a condition that forces propensities to update and
specifies a range of acceptable errors in amounts that affect
propensities from missing updates.

Let pi(t-�t) be the amount of part i at the time t-�t when
the last propensity update was triggered by this part. Then
an update of all the part’s dependent propensities is triggered
when all combined changes exceed the threshold defined by

|pi(t − �t) − pi(t)| > εLipi(t − �t). (2)

Thus smaller εLi result in more frequent propensity updates.
If the tolerance is set to a relative error of εL = 0.1%, then
Lazy Updating automatically reverts to exact Immediate Up-
dating whenever the amount of a discrete part is below 1000
individual particles, as every change in amount below that
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FIG. 1. Pseudocode of a simple Lazy Updating algorithm. Bold lines denote the Lazy Update additions embedded in an example SSA. The main idea is
to tolerate small inaccuracies in propensities caused by minute changes in the amounts of parts, until inaccuracies cross a threshold triggering updates of all
relevant propensities.

threshold triggers a propensity update (a similar intuition for
non-discrete parts such as volume and temperature is more
complicated). If the error tolerance is zero, then a Lazy Up-
dating algorithm effectively switches itself off.79 Looking at
the tolerance from that perspective provides a useful intuition
for choosing appropriate values in a number of scenarios.

A simple algorithm for Lazy Updating is presented in
Figure 1. Making Lazy Updating efficient requires data struc-
tures that quickly assess which actions are affected by a
change in a certain part. Other than that, requirements are
minimal, so Lazy Updating fits well into the general struc-
ture of many SSAs. It can therefore work with a broad range
of relevant algorithms, including Gillespie’s Direct Method,11

the Next Reaction Method,18, 23 and others. We implemented
Lazy Updating within the Sorting Direct Method,27 which is
a variant of Gillespie’s Direct Method.11

C. Models used for testing Lazy Updating

To measure the accuracy and speed of Lazy Updating, we
applied it to three types of simple models that test Lazy Up-
dating in specific ways (Fig. 2; between 1 and 1002 actions),
and three more detailed prototypes of a metabolic model to
represent the higher complexity from more realistic models
(Fig. 11; 92 parts, 188 actions). Each of these models is rep-

resented by a different CTMC system M as defined above
and was implemented for simulation in an early prototype of
the Evolvix model description language and simulation in-
frastructure (http://evolvix.org) that was modified to support
Lazy Updating. Next we describe the various models and the
aspects of Lazy Updating they were designed to test, along
with the parameters we used in our simulations.

Model A: The ATP Model (Fig. 2(a)) consists of two
different versions, A1 and A2, where A1 contains a fast re-
versible reaction that involves a single transcription factor
molecule and a single DNA molecule that are not linked to the
ATP pathway; A2 does not have the reversible reaction. The
purpose of that reaction is to model situations where many
other actions in M are not hub-dependent and frequently oc-
curring and involve rare parts (all three conditions satisfied).
Here we are not interested in the individual identity and ef-
fects of these actions; thus we lump them all together into
one single action that occurs at a correspondingly higher rate.
Examples for individual actions might include transcription
factors that bind to a specific DNA binding site that exists
only once or twice in a cell. We approximate the combined
effect of all these actions on the speed of Lazy Updating or
Tau-Leaping24, 42 by including just that one independent ac-
tion in A1. This model is not meant to be realistic in de-
tail, but rather to reflect a range of potentially realistic hub
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X1 X2
… (n-1) ATP

ATP

Xn-1 Xn

TF + Gene Active Gene

ATP ATP ATP

A1,2

B X 2X C 2X X

FIG. 2. Illustrative toy models used. (a) Two ATP Models that both loosely
capture ATP’s role as ubiquitous cellular energy hub by including many re-
actions that depend on ATP and that all require propensity updates whenever
one of them occurs. To investigate the potential impact of other reactions, we
added a fast reversible binding reaction between a transcription factor and a
single gene in model A1, both of which are missing in model A2. (b) The
Birth Model was chosen to find weak spots in Lazy Updating. We expect
and see delayed growth from consistent slight underestimates of propensity
by Lazy Updating as parts can only increase. (c) The Contraction Model is
the reverse of the Birth Model. Decreasing amounts cause Lazy Updating to
overestimate propensity and slightly delay contraction; errors become irrele-
vant when approaching zero. See text for parameters of all models and more
details.

sizes in two scenarios of different propensity updating pat-
terns. This was designed to help identify when Lazy Updating
might lead to larger speedups than other simulation methods
such as Tau-Leaping, which is slowed down by rare parts in-
volved in frequent actions.43 We used this model to compare
the Sorting Direct Method with Lazy Updating to the Partial
Propensity method SPDM, Tau-Leaping, the Optimized Di-
rect Method, and our own Sorting Direct Method with Imme-
diate Updating (see below for details). We varied the number
of reactions in the ATP pathway to see how the different al-
gorithms scaled with the number of actions and propensity
updates.

In the model, the initial amount of ATP is 106, and the ini-
tial amount of each molecule Xi is 100. The rate coefficients
for the reactions in the pathway component are all 10−5 per
time unit, except for the last reaction, which has a rate coef-
ficient of 10. For the fast reversible binding reaction, the for-
ward and reverse rate coefficients are both 10 000. We chose
the rate coefficients such that the pathway starts at its steady-
state, and we set the volume to 1. For every test, the model
was run until a simulation time of 10 arbitrary time units. We
measured the amount of X7.

Model B: The Birth Model only has a single action that
replicates part X (Fig. 2(b)). It was chosen to highlight poten-
tial problems with the accuracy of Lazy Updating. Since the
parts are always produced and never consumed, errors never
cancel out and the propensity is always underestimated. We
therefore expected Lazy Updating to accumulate large accu-
racy errors for the Birth Model, making it an excellent test
case highlighting important limits for the accuracy of results
generated by Lazy Updating. The rate coefficient was 0.4 per
time unit, the volume was 1, and the initial amount was 10.
The simulations were run until 30 time units.

Model C. The Contraction Model (Figure 2(c)) is the
reverse of the Birth Model. The part is only consumed re-
sulting in a contraction of the population, so Lazy Updating

consistently overestimates the propensity of the reaction. As
with the Birth Model, we choose the Contraction Model to
test the accuracy of Lazy Updating. The rate coefficient was
0.001 per time unit, the volume was 1, and the initial amount
was 10 000. The simulations were run until 1 time unit.

Model D. This Detailed Metabolic Model Prototype is
a real-world test case for Lazy Updating. Fig. 11 shows how
its 92 parts connect to effectively 188 actions (in reversible
pairs) in a network structure more complex than for our sim-
ple models. This prototypic metabolic model was constructed
by using techniques that combined metabolomics measure-
ments of small molecule concentrations with stoichiometric
reaction networks in an attempt to reconstruct parts of the
metabolism of human red blood cells.65 Formally, this re-
sulted in a mass action model that incorporates kinetics and
regulation into what otherwise would have been a purely stoi-
chiometric model as used in Flux Balance Analysis.66 The fi-
nal model has 94 named reversible mass action reactions with
rate coefficients and deterministic ODE equilibrium concen-
trations of the 92 named metabolites. We extracted the data
(from the supplementary material of Ref. 65) and converted it
into three Evolvix model description files for stochastic sim-
ulations, which addressed the following three different mod-
eling scenarios: (i) How much speedup does Lazy Updating
provide for known hubs in the known network? (ii) Is this
changed if all actions that import or export molecules change
the volume and ∼50% of all actions are non-first-order ac-
tions that depend on the volume? (iii) What if temperature is
increased whenever an action occurs and all actions depend
on temperature?

We set the effective volume of the system to 106 for all
our simulations such that the number of glucose molecules
in our model was scaled to about 5 × 106 per cell (which
approaches realistic numbers). We dynamically applied stan-
dard approaches for correcting reaction rates to account for
the volume12, 16 whenever we computed propensities. The vol-
ume increased by an assumed amount of 10−5 whenever a
molecule was imported. We chose our total simulated model
time (0.1 ms) such that it allowed for effective speed mea-
surements, but did not allow volume or temperature to sub-
stantially change the system away from the equilibrium state
that it originally had. To model temperature, we assumed that
each action increased the relative temperature Tr by the small
amount of 10−9 (as discussed above). This is to reflect the fact
that chemical reactions are either exothermic or endothermic,
and thus can in principle affect temperature. Temperatures in
our simulations start with a value of Tr = 1 that indicated no
effective temperature change relative to the original model.
All propensities are simply multiplied with this effective rela-
tive temperature and are thus affected as temperatures change.
While we recognize the lack of thermodynamic realism in this
version of the model and its changes to Tr, it does capture a
dependency structure of interest for processes that affect the
volume or contribute to local heating in biological tissues (see
Sec. I). Formally, this scheme for modeling volume and tem-
perature as parts can be described by M as defined above.

We sorted the metabolites of the model into 3 classes
as indicated by color coding (Fig. 11, zoom in for de-
tails): “5Hubs” are parts required in at least 5 reversible
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reactions; “1KFast” parts have a predicted equilibrium con-
centration that scales to an amount of 1000 or more; all re-
maining metabolites were designated “normal.” We applied
Lazy Updating for different combinations of those distinct
classes of molecules, and defined three different scenarios
to mimic ways how hubs might appear in modeling stud-
ies: Network-connectivity is already defined by the struc-
ture of the network and is explored by activating Lazy Updat-
ing for 5Hubs only. Volume-connectivity added minuscule
changes in volume affecting the propensity of about half of
all actions, as caused by all import reactions. Temperature-
connectivity included the relative temperature Tr as defined
above in all actions in addition to the volume changes. While
these amounts are often too small to warrant further investi-
gation, their combined effects could be substantial. This to
link microscopic energy budgets with gene regulatory net-
works and macroscopic measurements in simulations as facil-
itated by Lazy Updating could open new lines of inquiry (see
Sec. I).

D. Estimating the Speedup from Lazy Updating

For each model, we compared the speed of Immediate
Updating to the speed of Lazy Updating with a range of Lazy
Updating tolerances εL. The run time was measured with
Python’s time function, and each algorithm was instructed
to record as little time series data as allowed by the imple-
mentations to allow measuring speeds of algorithms without
complications from data storage. For Models A, B, C, and
D, we averaged run time measurements over 50, 5000, 5000
and 3 simulations, respectively. For Model A, we tested εL
= {0.25, 0.5, 1, 2, 3, 4, 5, 7.5, 10, and 12.5, all scaled ×10−5},
for Model B, εL = {10−4, 3 × 10−4, 10−3, . . . , 0.1, 0.3, 1, 2,
3,. . . , 9, 10, 30 all scaled ×10−2}, for Model C, εL = {0.5,
1, 2, 3,. . . , 7, 8, all scaled ×10−3}, and for Model D, εL
= {10−9, 10−8, 10−7, 10−6, 10−5, 10−4, 10−3}.

Ideally, we would like to predict the speedup based on
εL. However, it is unlikely that this will be possible except
for artificially simple models, as any real speedup is deeply
intertwined with the structure of a model and the parameter
combinations used to run it. Nevertheless, we can use four ob-
served run times to construct an equation that approximates
the speedup in a useful way for some simple models. With
the parameterized equation in hand, it becomes easier to nav-
igate the tradeoffs between speedup and accuracy, as opti-
mal tradeoffs depend on the questions the model was con-
structed for. The Lazy Updating speedup is approximately
given by

S ≈ TI

TR + TP /(k + 1)
, (3)

where S is the speedup, TI is the Immediate Updating run
time, and TL = TR + TP/(k+1) is the Lazy Updating run time.
TP approximates the time spent on updating propensities, TR
is the time required for the remaining work in a simula-
tion (draw random numbers, store observations, etc.), and k
is the effective number of skipped updates. Values of k are
model dependent and pivotal for both, speedup and accu-
racy, as skipped updates often imply outdated propensities,

implying less accurate amounts that can potentially snowball
through the remainder of a simulation. Note that it is best to
think of each of the parameters as expectations, because they
all depend on the stream of (pseudo)random numbers used
by SSAs. This was particularly obvious in the Birth Model,
where the total number of actions (and hence computing time)
depended on the random timing of the first few actions, which
would either accelerate or delay overall population growth.
Skipping updates in this context can modulate the total num-
ber of actions executed during a simulation.

Running an Immediate Update simulation gives us TI,
running a Lazy Updating simulation with a high tolerance ap-
proximately gives TR (since TP/(k+1) presumably becomes
very small). Naturally, the time spent updating propensities
may be approximated by TP = TI - TR. Eq. (3) does not di-
rectly describe how the speedup depends on the tolerance, but
it does approximate how the speedup depends on k. Assum-
ing the tolerance only affects the speedup through k, we can
rewrite (3) as

S ≈ TI

TR + TP /(k(εL) + 1)
, (4)

where we substitute k(εL) for k, since k is a function of the
tolerance εL. The function k(εL) is unknown, so we decided
to approximate it with a quadratic function

k(εL) ≈ aεL
2 + bεL. (5)

Substituting the quadratic approximation into the speedup
equation yields

S ≈ TI

TR + TP /(aε2
L + bεL + 1)

. (6)

Recall that we can estimate TI, TR, and TP directly from obser-
vations, so that leaves just two unknowns: a and b. Measuring
two Lazy Updating run times, TL1, TL2 for two different in-
termediate tolerances, εL1, εL2, allows us to solve for a and
b (equations not shown); inserting in Eq. (6) gives us S(εL),
the approximate speedup as a function of the Lazy Updat-
ing tolerance. Equation (6) was then tested against the dif-
ferent models. We obtained the best estimates when picking
values of εL1, εL2, that led to very different speedups, but were
not too close to either extreme (i.e., no speedup or maximal
speedup). We tried a linear function, but found the quadratic
function performed substantially better in many cases where
we tested it in a defined range of values. The quadratic func-
tion in Eq. (5) assumes that speedups asymptotically approxi-
mate a maximum. This seems to work well for models A and
C, but in the Birth Model we observed the opposite, which can
easily lead to negative estimates of a. In that case the higher
quality of predictions of the quadratic function applies only to
a rather narrow range of εL; predictions outside of this range
show large, unexpected fluctuations that are difficult to con-
trol. Using a linear function instead of Eq. (5) is generally
less precise, but also less erratic and easier to control. It may
thus provide a very useful first approximation of speedup that
is particularly easy to obtain. Thus we apply this linear ap-
proach to predicting speedup in the Birth Model by setting a
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= 0 in Eq. (5) and substituting

k
(
εL

) ≈ bεL ≈ εL

εL1

(
TP

TL1 − TR

− 1

)
(7)

in Eq. (4), where εL is the tolerance for which we
wish to predict the speedup S(εL) using the Lazy Up-
dating computing time TL1, which was observed for the
intermediate tolerance εL1, and TI, TR, TP are defined above.
Thus, besides two extremes (TI, TL), the linear function re-
quires only one additional observation TL1, which is best cho-
sen to represent an intermediate speedup. Together with the
quadratic function that needs only two intermediate values,
this shows that simple means are sufficient for obtaining use-
ful rough estimates of speedups. Both approximations capture
the general shape of the curve (assuming the quadratic func-
tion stays in its range). Nonlinear least squares methods result
in even better predictions, but require more effort.

E. Accuracy measurements

Lazy Updating requires the user to specify tolerance εL,
which determines how often propensity updates occur, and
consequently, how accurate reported time series are. To test
the accuracy of time series, we compared Lazy Updating to
Immediate Updating for each model except for Model D. For
all simulations, the Lazy Updating tolerance was set to εL
= 0.1%. We computed three sets of 16 000 runs for measuring
accuracy, one set for Lazy Updating, and two for Immediate
Updating. To evaluate the accuracy of Lazy Updating we cal-
culated a p-value every 0.01 time units for testing the correct-
ness of the (false) null-hypothesis that the measured amounts
at that point for all 16 000 Lazy and Immediate Updating runs
were sampled from the same distribution. We report a rep-
resentative fraction of these results to avoid visually clutter-
ing figures. We used the t-test to compare the means and the
F-test to compare the variances between these two sets for
each model67 (both tests were two-sided, comparing equal
numbers of simulations and leaving parameters at defaults
provided by the R statistical programming language, version
3, http://www.r-project.org). We could have run more simu-
lations to increase the sample size of our tests and thereby
increase their statistical power until we would report a sta-
tistically significant difference. Given unlimited computing
resources, it is easy to see that at some point even the minutest
deterministic differences will become visible. We argue that
such effort would be wasted, because it merely demonstrates
what we already knew before the start: our null-hypothesis
is wrong, since Lazy Updating and Immediate Updating are
different simulation methods.

Most real-world simulation studies compare results from
different parameter combinations that may lead to different
outcomes of interest with respect to the questions that mo-
tivated the model. Using Lazy Updating in such a context
would conflate uncertainty about effects of Lazy Updating
with uncertainty about the effects of using a different pa-
rameter combination. Thus it is important to have a reason-
ably accurate overview of the potential consequences of us-
ing any approximate method like Lazy Updating. We limited
our number of repeats to 16 000 and kept it constant in all our

accuracy tests, to provide a very high repeat count for com-
parison with real-world simulation work. This use of constant
sample sizes also facilitates comparisons of p-values across
different tests in this study.78

To inform this tradeoff, modelers must know the size
of uncertainties that Lazy Updating might generate. Towards
this end we compared the means and standard deviations of
amount differences in time series generated by Lazy Updating
and Immediate Updating to help assess the size of differences
and their importance in the context of a model. Highly signif-
icant differences may not matter for a question that motivated
a model and differences that matter may not be significant (in
a non-prohibitive number of repeat runs). To provide an ad-
ditional point of reference we repeated all these analyses for
two different sets of times series, independently generated by
Immediate Updating (i.e., we know the null-hypothesis to be
true; reported as light gray in figures to reduce visual clutter).

The effect of the Lazy Update tolerance on accuracy was
also measured. We varied the tolerance and collected the data
at the last time point of the simulations. The Lazy and Im-
mediate Updating data were then compared for each of the
tolerances as detailed above.

Additionally, we used Model C to test how the rate coef-
ficient affects the accuracy of Lazy Updating in a contracting
population. We used the t-test and F-test to look for differ-
ences in distributions at the time when the population was
expected to reach half its initial value. The expected time was
based on the ODE equivalent of Model C (see Fig. 10) and
was determined by the rates used in the sets of simulations
(0.01, 0.03, 0.1, 0.3, . . . , 300, 1000; each computed in the
same three sets of 16 000 simulations as described above).
Note that our simulations are stochastic and used Eq. (1)
for computing propensities, resulting in a factor of 2 in our
ODE equivalent from our use of the “n choose k” function in
Eq. (1).

F. Simulation code

The Lazy Updating and Immediate Updating simulators
were implemented in C++ using early prototypes of the
Evolvix simulation infrastructure; the models were specified
using a prototype of the Evolvix model description language
(http://evolvix.org). The pseudorandom numbers were gener-
ated with the Mersenne Twister mt19937 32-bit68 generator
and the exponential and uniform random variate generators
available from http://www.boost.org (boost version 1.54.0).
The Lazy Updating tolerance was always εL = 0.1% (unless
mentioned otherwise). For comparison we selected the fol-
lowing three algorithms: (i) Tau-Leaping,42 as implemented
in StochKit, version 2.0.10, http://stochkit.sourceforge.net;69

(ii) the Optimized Direct Method (ODM),33 also in StochKit;
for Tau-Leaping and ODM, we let StochKit choose the best
variants of each algorithm to use for the model; and (iii) the
Sorting Partial Propensity Direct Method (SPDM) as imple-
mented and originally made available by their authors (http://
www.mosaic.ethz.ch/Downloads/pdm—now at http://mosaic.
mpi-cbg.de/?q=downloads/stochastic_chemical_net).30 I/O
operations during speed measurements were not a substantial
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factor in the run time, as we instructed all code to only record
data at the last time point.

III. RESULTS

A. Large gains in speed for the ATP Model

Comparing speedups for different simulation meth-
ods: To get a sense of how each algorithm scales with the
number of reactions and propensity updates, we compared

their respective speedup for different chain-lengths of the
ATP-Model in the context of the equivalent of many addi-
tional reactions on rare parts (Figs. 3(a) and 3(b); Model A1).
SDM with Lazy Updating and SPDM scale similarly, and they
achieve a speedup of about 18 fold over SDM with Imme-
diate Updating. For the most part Tau-Leaping has a similar
speedup as ODM, but Tau-Leaping is faster around 1000 re-
actions. We believe this is due to the fast reactions not occur-
ring as often, relative to the huge number of other reactions;
this would allow Tau-Leaping to take larger steps. The same
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FIG. 3. Comparison of the Sorting Direct Method with Lazy Updating to other stochastic simulation methods in the presence of hubs. We use each ATP
model with different hub sizes (connected reactions) to measure simulation time for the Sorting Direct Method (SDM; Immediate Updating), SDM with Lazy
Updating (both our code), as well as the Optimized Direct Method (ODM), Tau-Leaping, and a Partial Propensity method (SPDM), all three as implemented
by their authors. Each method has its own strengths and trade-offs. Partial Propensity is exact and fast, but tricky to implement and to our knowledge existing
implementations cannot simulate third-order or higher reactions. While not exact, Tau-Leaping speed can exceed SPDM (see Model A2)—if not slowed down
by frequent propensity updates that involve rare parts (see Model A1). Lazy Updating does not limit the order or reactions, is relatively easy to implement,
and offers substantial speedups for certain types of models (Figs. 3(a) and 3(b); Model A1; see Sec. IV). (a) Comparisons of relative runtimes for different
sizes of Model A1. The extremely fast reversible binding reaction in A1 slows down Tau-Leaping by forcing small steps. SPDM and Lazy Updating deal with
propensity updates more efficiently and therefore surpass SDM, ODM, and slowed down Tau-Leaping. We highlight how run times scale with model size by
reporting run times relative to those required for the model with 10 reactions. (b) Different view of Model A1 data from above; all run times are relative to
SDM without Lazy Updating. (c) Speedup for ATP Model A2 without frequent actions on rare parts. Here Tau-Leaping steps are large enough for the larger
systems, so Tau-Leaping takes a commanding lead in speed. See Fig. 2(a) for Models A1 and A2 and Methods for parameters.
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model without the frequent reactions on rare parts shows an
excellent Tau-Leaping performance, as Tau-Leaping steps can
be much larger (Fig. 3(c)). At 1000 reactions, Tau-Leaping
speedup is ≈460-fold over SDM with Immediate Updating.
SDM with Lazy Updating performs similarly to the first ver-
sion of Model A, and achieves ≈19-fold speedup. SPDM
speedup is ≈83-fold.

Impact of Lazy Update tolerance on speed: To inves-
tigate the effect of the Lazy Update tolerance on run time,
we compare SDM with Immediate Updating to Lazy Updat-
ing with multiple tolerances using Model A1 with the fast re-
versible binding reaction and 300 reactions in the pathway
(Fig. 4(a)). The maximum achievable speedup is about 25-
fold. For the small tolerance of 0.01% the speedup is ≈24
fold, so large tolerances are not necessary to achieve a sub-
stantial speedup. The dotted line shows the expected speedup
based on a few of the data points (see Table I and Sec. II),
suggesting Eq. (6) captures the overall relationship between
the tolerance and the speedup.

Impact of number of parts on speed: The amount
of ATP has an effect on Lazy Updating’s speedup
(Fig. 4(b)), ranging from 8-fold for 10 000 ATP molecules
to over 32-fold for 3 × 106 ATP molecules before leveling
off.

Accuracy of Lazy Updating results: Time series gener-
ated by Lazy Updating for the ATP model are almost identical
to those from Immediate Updating. In Fig. 5(a) we decided to
compute our summary statistics only for 100 time series with
Lazy Updating and 100 time series with Immediate Updat-
ing, as larger numbers would have made differences virtually
disappear. We compared the means and variances of amounts
at the end of simulations for three sets of 16 000 independent
simulations using the t-test and F-test, respectively (Fig. 5(c);
1× Lazy Updating, 2× Immediate Updating). We also com-
puted descriptive summary statistics for the same sets of sim-
ulations (Fig. 5(b)). In either case, differences between Lazy
Updating and Immediate Updating were below the detection
limit for Model A.

Conclusion: The speedups we see when using Lazy Up-
dating for ATP in Model A do not seem to come with a sub-
stantial cost in accuracy for the parts impacted by the lazily
updated part. This is not surprising, as we expect the model to
be in quasi-steady state.
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FIG. 4. Dependency of speedup on tolerance and hub molecule counts in
the ATP Model, a case for which Lazy Updating was designed. (a) Increas-
ing speedup in the presence of a hub for increasing Lazy Updating tol-
erances εL in Model A1 with 300 reactions (see Fig. 2(a) and Sec. II for
details). Crosses report means of 50 runs and the dashed line approximates
expected speedup (see Eq. (6), Table I for calculation). (b) Increasing hub
amount improves speedup. As the amount of ATP increases, SDM with Im-
mediate Updating is slowed down much more than SDM with Lazy Updating
(εL = 0.1%, speedup is mean of 50 runs of A1 with 30 reactions).

TABLE I. Estimated Speedup expected from Lazy Updating using Eqs. (4)–(7) with summary of parameters for the speedup predictions shown in Figs. 4(a),
6, and 8(a). Both, S and k depend on the Lazy Update tolerance (here εL = 0.001). Times were measured in seconds, averaging over 50, 5000, and 5000
simulations of the A1 (300 reactions), B and C Model, respectively. Estimating parameters a and b requires two speedup measurements in addition to the frame
established by measuring the extremes. For the Birth Model we used a = 0 to enable the easy conversion to a linear model that requires only one intermediate
speedup measurement and is more robust, but less precise.a

Parameter Meaning ATP Model Birth Model Contraction

TI Total time under Immediate Updating only; TI = TP + TR 42.38 0.183 0.0010
TP Time needed for propensity 40.62 0.154 0.00049
TR Time needed for rest 1.76 0.0288 0.00051
a Use in k ≈ aεL

2 + bεL (Eq. (5)) 2.30 × 1010 0 2.83 × 106

b Use in k ≈ aεL
2 + bεL (Eq. (5)) 7.66 × 105 38.57 579.09

k Average skipped updates at S 2.38 × 104 0.03857 3.41
S Expected speedup at a given εL 24.09 1.03a 1.61

aFor the Birth Model, the predicted S is in contrast to the 42% speedup observed at εL = 0.001; see also Fig. 6, and relevant sections on Birth Model in Secs. II and III.
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FIG. 5. Accuracy of Lazy Updating for the ATP Model A1 with 30 reactions. (a) Time series of descriptive statistics for Lazy Updating and Immediate
Updating. Blue and red lines in the middle give means for 100 individual Lazy and Immediate Updating simulations, respectively; blue and red areas mark
±2 StDev, where gray area indicates overlap. Plotting only 100 runs gives a better sense of noise in the system than plots of >104 runs, where noise is almost
invisible, even at large magnifications. Here we show amounts of X7, a representative metabolite in the ATP Model, not the lazily updated part ATP itself
(εL = 0.1%). (b) Absolute arithmetic mean differences in amounts at the end of simulations between Lazy Updating and Immediate Updating for different
tolerances (blue circles, line ±1 StDev) as compared for the three sets described below. (c) Statistical tests of the null-hypothesis that amounts of the part
observed in Lazy and Immediate Updating simulations were both drawn from the same random distribution (blue squares and triangles indicate p-values for
the t-tests and F-tests, respectively). We did not correct for multiple tests, so some moderately low p-values are expected among many comparisons. These
simulations do not show statistically significant discrepancies from Lazy Updating at the p = 1% level. However, p-values decrease with increasing sample size
when comparing two distributions with very small differences, so we theoretically expect sufficiently large computational efforts to reveal even the smallest
differences between Lazy and Immediate Updating; whether they matter is another question. Panels (b) and (c) show three sets of runs (n = 16 000 each) of
Model A1 with 30 reactions, recording amounts at time 10; one set of Lazy Updating runs is complemented by two sets of independent Immediate Updating
runs compared for providing a better intuition on the magnitude of internal stochastic noise in the system, see light gray triangles.

B. The Birth Model is a very simple
“worst-case-scenario” for Lazy Updating accuracy

Speedup: Lazy Updating was not designed to speed up
models like this, so we were surprised to see any speedup
at all. The speedups for the Birth Model reported in Fig.
6 do not seem to level off as for the other models. Hence
the Birth Model does not satisfy the assumptions underpin-
ning Eqs. (3)–(7), making it harder to predict speedups. Ob-
served speedups are modest (from 25% at εL = 10−5 to 55%
at εL = 10−2) for small tolerances around our recommenda-

tion of 0.1%, and vanish as expected if the large amount of
parts at the end of growth is still effectively in the Immedi-
ate Updating regime. Moderately larger speedups are possi-
ble, but require a blatant disregard for accuracy and can there-
fore not be recommended. This apparent lack of an asymp-
totic maximal speed in this model pushed the quadratic ap-
proximation (Eq. (6)) beyond its ability to predict speedup
safely (carelessly chosen values from Figure 6 easily lead
to erratic predictions; not shown). Therefore, we decided to
use a simpler linear function for estimating speedup (Eq. (7)):
while less accurate in detail, its overall behavior is much more
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FIG. 6. Speedup of Birth Model for a given Lazy Update tolerance. A mod-
erate speedup is expected for this model, when using Lazy Updating as rec-
ommended (εL = 0.001); the larger speedups reported here require reckless
disregard of accuracy. Crosses report means of 5000 runs and the dashed line
approximates expected speedup from the linear prediction (see Eqs. (4) and
(7) and Table I for calculation of the figure, using εL = 0.02 as calibration
point for computing k).

robust (but still depends strongly on the data point chosen to
compute k).

Accuracy: For this model, Lazy Updating consistently
underestimates the propensity. To assess the impact on ac-
curacy, we used the same approach as detailed for the ATP
Model and compared the means and variances of amounts
for three sets of 16 000 independent runs using the t-test and
F-test, respectively (Figs. 7(b) and 7(d); 1× Lazy Updating,
2× Immediate Updating). We also computed descriptive sum-
mary statistics for the same sets (Fig. 7(c)). Lazy Updating’s
accuracy is very high until about time 15 (Figs. 7(a) and 7(b)).
This is due to ‘de facto Immediate Updates’, which occur for
populations <1000 = 1/εL for εL = 0.1%. Lazy Updating
with that tolerance only starts at a population size of 1000
or more. As time passed, the absolute difference between
amounts in time series from Lazy Updating and Immediate
Updating grew consistently, as did the significance of the t-
test. The p-values show one pattern until about time 15, which
may be due to the end of “de facto Immediate Updates” in
otherwise Lazy Updating simulations. For the Birth Model,
the corresponding transition is made a bit before the system-
atic trends appear in Figure 7(b). After that, the p-value from
the t-test between Lazy and Immediate Updating distributions
started trending down towards more significance. Thus it is a
question of time whether differences become significant in the
Birth Model.

We compared only 100 simulations in Fig. 7(a); we also
show 2 very thin lines from individual runs to highlight the
low stochasticity at the late stages of growth. Given the large
variance of these models, one might expect more rugged
lines. However, the trajectories are quite smooth once the
population size becomes large. Most of the variance stems
from stochastic fluctuations early in the time series, when
the stochastic noise is still large relative to the population
size.

Impact of tolerance: We expected the tolerance to have
a strong effect on the accuracy of the Lazy Updating simula-
tions for the Birth Model, so we tested for significant differ-
ences at various tolerances, while recording some summary
statistics about the difference between Lazy and Immediate
Updating time series (Figs. 7(c) and 7(d)). Lazy Updating
maintained a high level of accuracy until a tolerance of ap-
proximately 0.1%. Beyond that, it visibly diverged from Im-
mediate Updating. When interpreting this, it is important to
remember the existence of “de facto Immediate Updates.” For
εL = 10−5, Lazy Updating reverts to Immediate Updating for
population sizes below 105, a number that is only reached rel-
atively late in our simulations that stop at time 30. The rever-
sal of this statement suggests a powerful way of controlling
the impact of Lazy Updating on stochastic simulations (see
Sec. IV).

Conclusion: Lazy Updating leads to very small speedups
for the Birth Model; its effects on accuracy depend on the con-
text, but can easily become substantial, if growth continues
for too long. We designed the Birth Model to reveal the limits
of Lazy Updating accuracy, so these findings are no real sur-
prise. Applying Lazy Updating to growing populations should
be limited in time and must be carefully tested for potential
losses of accuracy.

C. The Contraction Model shows systematic changes
in accuracy

Like the birth model, the Contraction Model was made
for testing the accuracy of Lazy Updating.

Speedups: Similar to the Birth Model, the speedup is
modest (Fig. 8(a)); dissimilar to the Birth Model, Contraction
Model speedups seem to have a more pronounced upper limit
at around 2-fold. For our tolerance recommendation of 0.1%
there is a speedup of around 1.6-fold. The initial amount also
affects the speedup (Fig. 8(b)), but even a 100-fold increase
in amount does not increase the speedup more than 2-fold in
our model.

Accuracy: Again we compared 100 Lazy and 100 Imme-
diate Updating simulations (Fig. 9(a)). We did not expect to
see such smooth curves and such small standard deviations;
after double-checking our code, we plotted two individual
time series that are visible by zooming into Fig. 9(a)). In fact,
the time series from this model do not have a large variance.
As with the Birth model, we measured amounts in three sets
of 16 000 simulations (1× Lazy Updating, 2× Immediate Up-
dating). Fig. 9(b) reports the p-values from t-tests and F-tests
over the course of the simulation; t-tests show temporarily in-
creased differences between Lazy and Immediate Updating
simulations. This is expected, considering that the Contrac-
tion Model starts at a fixed point with no initial variability, and
after the distributions diverge, they once again come closer as
the population approaches zero.

Impact of Tolerance: Plots of mean difference be-
tween Lazy and Immediate Updating simulations over toler-
ance show that Lazy Updating is virtually indistinguishable
from Immediate Updating below a tolerance of about 0.01%
(Fig. 9(c)). Lazy Updating consistently overestimates the
propensity in this scenario, which is visible if the
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FIG. 7. Accuracy of Lazy Updating for the Birth Model, using analyses as in Fig. 5. (a) Systematic delays from Lazy Updating grow over time; to aid
visibility, we only show data after time 15. Runs start at X0 = 10 and use εL = 0.1%, implying Lazy Updating reverts to Immediate Updating whenever X <

1000 ( = 1/εL). Simulations starting at X0 = 1000 did not yield substantially different results (not shown). As in Fig. 5(a), we average n = 100 runs; here we
added two single-run lines (zoom in to see: Lazy, blue dashed-dotted line; Immediate, red dashed line) to highlight the low stochasticity during the later stages
of these single runs. (b) Statistical tests of differences over time (not needed in Fig. 5) were inspired by the systematic bias visible as “delayed increase” in
(a). We performed t-tests and F-tests along the time series for three sets of 16 000 simulations (1× Lazy Updating, 2× Immediate Updating) and while not
significant for our results at εL = 0.1%, there is a clear trend towards increasing significance in the t-tests, suggesting the need for checking the robustness
of conclusions when using Lazy Updating in growing populations. (c) Mean difference between Immediate and Lazy Updating for different tolerances in the
Birth Model after sampling amounts at time 30. Plots like this, help translate more abstract p-values into model related quantities. (d) Test of the impact of
tolerance on the statistical power to detect differences in means and variances using t-tests and F-tests, respectively, on the data from (c).

contraction continues long enough. The p-values also become
more significant as the tolerance increases (Fig. 9(d)).

Impact of contraction rate: To investigate the relation-
ship between the contraction rate coefficient and the accuracy
of Lazy Updating, we calculated p-values when the popula-
tion was reduced by half (Fig. 10). As a point of reference,
p-values between two sets of Immediate Updating time series
were also calculated. These make it very clear that there are

statistically highly significant Lazy Updating errors for this
model, even though Lazy and Immediate Updating time se-
ries in Fig. 9(a) appear to be very similar.

D. Detailed metabolic model prototype
and mechanisms of Lazy Update speedups

To test the real-world performance of Lazy Updating
for complex models that might be encountered in biology,
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FIG. 8. Contraction Model dependency of speedup on (a) tolerance and
(b) initial amount of part X. As Lazy Updating was not designed for models
like this, only a small speedup is expected at the recommended maximum
tolerance (εL = 0.001), which is ignored in (a) and used in (b). Both panels
report means of 5 000 runs as crosses; the dashed line approximates expected
speedup (see Eq. (6), Table I for calculation).

we applied Lazy Updating to a metabolic model prototype
capturing aspects of human red blood cell metabolism.65 A
cursory look at the equilibrium concentrations and reaction
rates of this model shows that both are spanning many orders
of magnitude, a situation that likely reflects actual biology.
Fig. 11 shows a visual impression of the size and connectivity
of Model D. Fig. 12 presents the speedup for all three scenar-
ios defined in Sec. II, as observed in three replicate simula-
tions. We find that Lazy Updating of the few very moderate
hubs in this model at a tolerance of 0.1% leads to a speedup of
less than twofold. We hypothesized that maybe the presence
of other very fast “non-hub” reactions might consume most of
the CPU-time. To address this, we introduced Lazy Updating
for the “1KFast” metabolites. We found that the speedup im-

proved, but not as much as we had expected. When we added
volume to the model, the picture did not change—much to
our initial surprise. We think that this is caused by very fre-
quent reactions that keep the CPU busy and leave little room
for speedup by Lazy Updating. Indeed, simple calculations
predicted that in equilibrium, many of the actions unaffected
by volume had extraordinarily high propensities, confirming
our interpretation. The picture changed substantially when we
included temperature in the model: speedups of up to 20-fold
were suddenly possible. Thus in principle detailed biological
models and parameter combinations exist, where Lazy Up-
dating can lead to substantial speedups that are likely to in-
spire work in new directions that would not have been pursued
otherwise.

IV. DISCUSSION

Our results show that the Lazy Updating add-on for SSAs
can lead to a 10-20× speedup of stochastic simulations of
models with hubs (see Figs. 3, 4, and 12 and Sec. I, on hubs).
Lazy Updating accomplishes this by avoiding costly propen-
sity updates that contribute little to simulation accuracy. Lazy
Updating speedups are small if hubs do not trigger frequent
and costly propensity updates. For large speedups, models
must meet all the following conditions:

(i) “obvious” hubs must exist in the structure of the network
connectivity;

(ii) propensities affected by these hubs must be updated
frequently;

(iii) these updates must consume a substantial fraction of the
total simulation time when updated immediately.

Large speedups do not necessarily require large Lazy Up-
date tolerances (εL) that substantially decrease accuracy. For
some models, very small εL could get most of the speedup
without sacrificing much accuracy (Figs. 4(a) and 12), but in
others accuracy suffered substantially (Figs. 7 and 9). Thus,
tradeoffs between speedup and accuracy are model-dependent
and researchers will have to determine εL for each hub inde-
pendently if they want to maximize speedup without sacrific-
ing much accuracy.

Where Lazy Updating goes wrong. Based on the results
reported here, users will find that Lazy Updating operates be-
tween the following extremes:

(i) Large speedups with a small loss of accuracy. This is ex-
pected for frequently accessed hubs that remain more or
less at the same large amount. Lazy Updating was de-
signed for parts in such a quasi-steady-state70, 71 (Figs. 4
and 5).

(ii) Small speedups and large loss of accuracy. This is ex-
pected when amounts change substantially as seen in the
Birth and Contraction models (Figs. 6–9). If this behavior
is combined with other complications like series of pre-
cise thresholds and timed switches, eventual errors can
compound over time.

Here are some critical model properties that may
help decide whether inaccuracies from Lazy Updating of
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FIG. 9. Accuracy of Lazy Updating for the Contraction Model using analyses as in Fig. 5 and Fig. 7. (a) Systematic delays. As before, only 100 runs
are shown to highlight the low variability at εL = 0.001 (zoom in to see two single-run lines: Lazy, blue dashed-dotted curve; Immediate, red dashed curve).
(b) P-values of t-tests for different times indicate growing discrepancies of means between Lazy and Immediate Updating after all runs start identically (X0 =
10 000); after an intermediate maximum, discrepancies are compressed when approaching small amounts; F-tests indicate no discernable effects on variances
(n = 16 000; εL = 0.1%). (c) Mean difference between Immediate and Lazy Updating for different tolerances in the Contraction Model after sampling amounts
at time 1 (n = 16 000). This plot highlights that the contraction model can lead to highly significant differences, even though their absolute size appears very
small when compared to the Birth model, Figs. 7(c) and 7(d). (d) Testing the impact of εL on the statistical power to detect differences in means and variances
using t-tests and F-tests, respectively, on the data from (c).

dynamically changing parts matter for a model. For exam-
ple, low accuracy may be acceptable in dynamical parts dur-
ing initial simulation burn-in if these parts reach the right
amount before key results are recorded. In the Birth and Con-
traction models Lazy Updating reaches the same levels as ex-
act SSAs, only a bit later (Figs. 7 and 9). Thus the appro-
priateness of Lazy Updating may hinge on the mechanisms
that determine the new amount after a period of change for
a lazily updated part PLU. (see examples below). We iden-
tify the precise conditions that lead to large Lazy Updating

errors as “critical model properties for Lazy Updating”;
many more such properties are likely to exist, each with a
special set of complications. Here we describe four examples
of such critical properties based a combination of our results
(Figs. 7 and 9) and modeling intuition:

(i) If the new amount of PLU after a period of change is de-
termined by system-inherent equilibriums and indepen-
dent of the time available to reach it, then Lazy Updating
will generate a slight delay in reaching the new amount,
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FIG. 10. Effect of rate coefficients on Lazy Updating accuracy in the Con-
traction Model (initial X0 = 10 000, εL = 0.001). Amounts for comparisons
were recorded at time t when populations were expected to have declined to
about X = 5000, as predicted from the equation t = 2/(Rate * X0), based on
the ODE version of this model. We used Eq. (1) for computing the propensity
in the stochastic model (the factor of 2 results from our use of the “n choose
k” function in Eq. (1)).

FIG. 11. Detailed Metabolic Model Prototype for testing Lazy Updating
in more realistic settings. (a) The published prototype model with no mod-
ifications to its structure. (b) Volume as a hub (all blue lines) makes all
non-first-order reactions dependent on the corresponding volume correction;
all their propensities need to be updated each time one of the few import
or export reactions occur that can increase or decrease volume, respectively.
(c) Temperature as a hub (all red lines) in addition to volume. Here each ac-
tion also depends on a relative temperature that is changed by each reaction,
making temperature the most connected part in the system. We switched two
groups of parts to Lazy Updating in all three prototypes: (i) “5Hubs” (zoom
in: “orange triple-octagons”) are involved in 5 or more reversible reactions
that also include other parts. (ii) “1KFast” (zoom in: “yellow octagons”) have
equilibrium part amounts >1000 at the volume we used. Zoom in to see all
other parts as “cyan ellipses” and actions in “white rectangles.”
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FIG. 12. Lazy Update Speedup observed in the Detailed Metabolic
Model Prototype. (a) Original networks with Lazy Updating for “5Hubs”
(“5H”) and “1KFast” hubs (“1K”) show speedups <2× (green symbols).
(b) Corresponding networks with volume dynamics for both types of hubs
(“v1K”, “v5K”, blue crosses) show almost no speedup over original (pre-
sumably actions without effects on volume drown out impacts of those af-
fecting volume; this can be predicted from extrapolating the model’s equilib-
rium propensities). (c) Corresponding networks with temperature dynamics
(“Tv1K”, “Tv5K”, red triangles) showed effects up to 20×. All three net-
works (a–c) are shown in Fig. 11 and are here simulated each under Imme-
diate Updating (for scaling), Lazy Updating for “5Hubs” and Lazy Updating
for “1KFast” (see Fig. 11).

but does not affect the amount itself. The correct speed
of changes is essential for the timing of switch-like pro-
cesses that could be of direct modeling interest or that
could indirectly impact the rest of the model.

(ii) If the new amount of PLU after a period of change is de-
termined by the time available to reach it, then the delays
in changes caused by Lazy Updating will also affect the
amount of PLU after the change. This further increases
chances that conclusions drawn from the model might
be affected, as these inappropriately modified new levels
can cause additional avalanches of twisted propensities.

(iii) If the critical conditions above are combined with trig-
gers that require a certain amount to be present at a cer-
tain time (e.g., in the race of an immune response against
an infection), then not meeting that strict requirement
could essentially trigger anything in the model. In gene-
regulation very large changes for a cell can essentially
be switched on/off, and “unique small original” events
in biology (e.g., infection with a single virus) can have
potentially huge consequences (e.g., infection of a cell).

(iv) Additional examples include, but are not limited to
competition between two growing strains of different
bacteria.

In models with such critical properties, small differences
can easily blow up into major effects.

Thus, we recommend switching off Lazy Updating for all
parts that change with a recognizable speed that might have
a remote chance of making a difference to the dynamics of
interest in the model. If such a model still needs the speedup
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from Lazy Updating, then its accuracy requirements have to
be analyzed at a level beyond the scope of this study.

To choose εL we recommend keeping relative Lazy Up-
dating error tolerances below εL = 0.001 and apply it only
to known hubs in quasi-steady-state (i.e., such that none of
the special cases discussed above apply70, 71). All other parts
should use Immediate Updating. Smaller εL are better and
should be used where computationally feasible, unless evi-
dence shows that reductions in accuracy do not affect mod-
eling conclusions. Specifying the level of Lazy Updating by
defining εL as a relative error tolerance, as done here, facil-
itates intuitive assessments of its impact on the accuracy of
part amounts in stochastic simulations. As a consequence of
Eq. (2) an update is triggered, every time the amount of part i
changes when it satisfies

pi < 1/εLi . (8)

Thus our recommended maximum εL = 0.1% Lazy Up-
date error tolerance implies that Lazy Updating is effectively
switched off whenever a part has an amount of less than 1/εL
= 1000. The same effect can switch all parts to Immediate
Updating by setting εL = 0, subject to the accuracy limits of
the numerical types in Eq. (2).79 Optimizing the tradeoff be-
tween accuracy and speedup beyond these simple guidelines
requires specific comparisons of speedup merits and accuracy
costs (see Secs. II and III, for examples).

Lazy Updating and other algorithms: It is easy to in-
tegrate Lazy Updating into other SSAs if data structures ex-
ist for looking up dependencies (e.g., as already stored in the
Next Reaction Method;18 see Sec. II for details). The fast Tau-
Leaping methods compute all propensities for the time points
they choose to jump to; they might be further accelerated by
using Lazy Updating for models with hubs, which could be a
potential area of future research.

Lazy Updating is an “add-on” and thus funda-
mentally different from other stand-alone simulation ap-
proaches such as Tau-Leaping methods,24, 42 Partial Propen-
sity methods,29–32 or more direct “Gillespie” methods.11, 20 In-
stead, Lazy Updating integrates into a “base” method and
builds on that method’s performance and accuracy by reduc-
ing the computations triggered by hubs. It does so by restruc-
turing some simulation tasks in a way that is not easily com-
pared to many other methods by treating different actions and
parts non-uniformly.

In Tau-Leaping, leaps are synchronous in the sense that
at the time a leap is jumping to, the execution of all ac-
tions and the calculation of all new propensities happen at the
same time. This bundling of many actions renders changes of
amounts to be approximate, as the number of times each type
of action is expected to occur is computed with limited ac-
curacy. In Lazy Updating, “leaps” are asynchronous in three
ways: first, the changes in amounts caused by an action are
applied immediately, whereas the corresponding updates of
affected propensities may be calculated later; second, if an ac-
tion changes amounts of different parts, then updates for the
corresponding propensities of affected actions occur at dif-
ferent times, whenever needed or convenient; third, different
actions are executed at the diverse times they occur at (i.e.,

asynchronously as with Immediate Updating), and are not
bundled into groups for execution as in Tau-Leaping.

Thus Lazy Updating allows for subtle errors in the tim-
ing of actions that are otherwise executed precisely as under
Immediate Updating. The causality chain for the timing er-
ror of one action from lazily updating one part may thus be
described like this:

Cause: The update of the propensity for action Ak is de-
layed with these effects:

(1) The propensity for Ak used in the simulation is slightly
too high or too low.

(2) The expected waiting time for the execution of Ak is too
low or too high.

(3) The execution time of Ak is on average too early or too
late.

(4) The amounts of parts changed by Ak occur on average
too early or too late.

(5) The resulting propensity and timing errors ripple
through the system.

If many such errors occur and do not cancel out on aver-
age, then Lazy Updating can delay larger trends (see the Birth
and Contraction Models). If the precise timing of these trends
might affect questions addressed by the model, then Lazy Up-
dating should not be used (unless errors are demonstrated to
be inconsequential).

Other ways of phrasing the differences are: Tau-Leaping
can be activated “per-action” (as available parts and speeds of
actions determine leap size), whereas Lazy Updating can be
activated “per-part” (Lazy Updating of a hub has no impact
on a precise simulation if the hub amount does not change;
in addition it will track unforeseen changes in hub amount).
Tau-Leaping holds part amounts and propensities constant for
a specified time step, whereas Lazy Updating changes part
amounts immediately and holds propensities fixed for differ-
ent times (until amounts change enough to force propensity
updates, or updates occur as side-effects of other actions).
This is equivalent to stating that the news that a hub amount
has changed travels at varying speeds, generating the slight
timing errors discussed.

To illustrate these important insights into the mechanism
of Lazy Updating, consider a single action updating X1, X2,
and ATP in Model A. It will immediately update all three part
amounts and the propensities of all actions that consume X1
or X2, but it will not update propensities for the many actions
consuming ATP. Thus “news” concerning the new amount
of ATP “travels slow” to these actions. However, news does
not necessarily travel at the “lowest permissible speed” de-
termined by εL, which forces updates of actions once ATP
changes beyond the relative difference εL, thereby guarantee-
ing an upper local limit on accuracy errors from Lazy Up-
dating. Indeed, this slowest permissible speed is often irrel-
evant. For example, if the next action updates X3, X4, and
ATP, then propensities of actions consuming X3 and X4, are
again updated immediately (and again do not include a gen-
eral update of all actions that require ATP); however, this time
updates of actions consuming X3 and X4 already incorporate
previous news on ATP changes from previous actions (since
propensities can only be computed in full and can only use
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current amounts, which are kept up to date for hubs). While
this substantially reduces errors for actions that occur often,
Lazy Updating cannot avoid that propensities of actions that
occur rarely enough will often be off by some factor deter-
mined by εL.

To summarize these mechanistic aspects of Lazy Updat-
ing for a single action:

(i) changes of all amounts are precise,
(ii) propensities of all actions depending on immediately

updated parts are precise immediately after an update,
(iii) propensities of actions depending on parts lazily up-

dated some time ago are slightly off by at most a factor
affected by εL;

(iv) these slight errors in propensities will subtly skew times
at which actions are expected to occur, implying that
timings are expected to be slightly off, when executing
the precise changes of amounts described in (i).

Controlling accuracy in Lazy Updating requires care-
ful attention to these subtle timing errors, which only can-
cel out for parts in quasi-steady-state.70, 71 Note, that all er-
ror limits discussed are local, and no limits can be given for
global errors of absolute amounts of affected parts, as the lat-
ter may compound many local errors in complex ways that
may or may not effectively cancel out. This structure of er-
rors is shared by ODE solvers, Lazy Updating, Tau-Leaping
and other approximate methods; thus expertise in controlling
such errors for other methods may also apply to Lazy Updat-
ing. Whether such errors matter is highly model dependent
(see above).

Lazy Updating solves a different problem than Tau-
Leaping by focusing on hubs. Tau-Leaping speeds past Lazy
Updating if its leap condition allows for covering larger
chunks of time in one step;25, 42 in that case it would skip
many more propensity updates than Lazy Updating (Fig. 3).
However, the impressive speed of Tau-Leaping critically de-
pends on the absence of frequent actions that involve parts
rare enough to force Tau-Leaping to use a slow exact SSA
(see Figs. 3(b) and 3(c)). In its exact SSA mode, Tau-Leaping
will update all hub-dependent propensities like any other
Immediate Updating code (and could potentially receive help
from Lazy Updating). Error tolerances of Tau-Leaping are
not directly comparable to εL values for Lazy Updating due
to the differences in synchronicity discussed above; thus
we omitted direct comparisons. If Tau-Leaping cannot take
large enough steps, a fast precise method might be prefer-
able, as it does not “try to leap” (no pay off, if the attempts
fail). Of the precise methods we tested, the partial propen-
sity method SPDM seems to win due to its impressive speed
(Fig. 3), but to our knowledge it has only been implemented
for bimolecular reactions, making it impossible, to con-
sume ATP in metabolic reactions catalyzed by enzymes (see
http://mosaic.mpi-cbg.de/pSSALib/pSSAlib.html).29–32 Thus
Lazy Updating appears to be the add-on of choice for sim-
ulations that need to be precise in general, and that have
actions that require more than two parts, and that suffer
from too many propensity calculations caused by hubs.
The lightweight nature of Lazy Updating makes its benefits
easy to realize in a broad range of contexts.

Tau-Leaping, Lazy Updating, and SPDM are not alone in
seeking to address the problem of increasing simulation speed
for detail-rich models. Various multi-scale methods have been
developed72–74 for models containing processes that occur at
very different temporal or spatial scales.25, 39, 72–76 Since Lazy
Updating is an “add-on,” it is not a full method and much
less a multi-scale method; however, it might be able to extend
the capabilities of a multi-scale method such as the “Nested
SSA”77 if hubs cause excessive computation times. Future in-
vestigations incorporating Lazy Updating into various meth-
ods could use the opportunity to investigate new models that
might benefit from Lazy Updating or might exhibit critical
model properties that degrade accuracy in unexpected ways.
From our results we anticipate that Lazy Updating will bring
new classes of models within the reach of computation with
reasonable accuracy.

Lazy Updating helps investigate important biological
questions: As reviewed in the Sec. I, hubs such as ATP and
other molecules, or volume and temperature can play promi-
nent roles in biochemical systems. Changes in hubs can be
seen as trends in commonly used resources or environmental
conditions that affect and are affected by many small actions.
Investigating trends in the amounts of hubs that are function-
ally linked to candidate fitness correlates64 like energy con-
sumption or survival, are of particular interest to evolution-
ary systems biology.64 As shown in Sec. III, Lazy Updating
makes such work much easier, by substantially reducing the
computational cost from including frequently updated hubs.
We anticipate easy access to Lazy Updating will encourage
researchers to include more known hubs into increasingly re-
alistic simulation models, ultimately leading to a deeper un-
derstanding of cellular energy metabolism, growth, survival,
and evolution.

Conclusion: When used appropriately, Lazy Updating
trades a small amount of accuracy for a substantial speedup.
Implementing Lazy Updating within existing stochastic sim-
ulation algorithms is relatively simple. Lazy Updating can cut
computational costs caused by frequently updated hubs that
affect many actions. Thus Lazy Updating encourages the ex-
ploration of new biological questions that involve network
hubs in models ranging from biochemistry to ecology and
evolution.
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